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Abstract. We give a description of the kernel of the induction map Kq{R) 
Kq{S), where S' is a commutative ring and R = S'^ is the ring of invariants of the 
action of a finite group G on S. The description is in terms of H^{G, GL(S)). 


Introduction 

This article is concerned with the relationship between Ko{S) and Ko{R), where S 
is a commutative ring and R = denotes the subring of invariants under the action 
of a hnite group G on S. 

Specifically, working under the assumption that the trace tr : S' —>■ R, s i—>■ 
surjective, we shall study the kernel of the induction map 

Ind| = Koif) : MR) ^ MS) 

that is associated with the inclusion f : R ^ S. We will describe an embed¬ 
ding of Ker(Ind|^) into the cohomology set H^{G, GL(S)). Moreover, we will endow 
H^{G, GL(S')) with a natural commutative monoid structure, essentially coming from 
the “block diagonal” maps GL„ x GL^ —>■ Ghn+m GL, such that our embedding 
identifies Ker(Ind'|) with the group of units U(R^(G, GL(S))). To further describe 
this unit group, we dehne S^, for any subgroup H of G, to be the factor of S modulo 
the intersection of all maximal ideals of S whose inertia group contains H. Letting 
Ph : R^(G, GL(S')) —>• GL(Si^)) denote the map that is given by restriction 

from G to H and the canonical map S Sh, our main result reads as follows. 

Theorem. Ker(Ind'|) = U{H^{G,GL{S))) = f]j^KeYpn, where H ranges over all 
cyclic (or, equivalently, all) subgroups ofG. 
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The theorem follows via direct limits from a corresponding result, with GL„(.) in 
place of GL(.), for the kernel of the maps Pn(/) : Pn(-R) —^ Pn(5'), where Pn( •) 
denotes the set of isomorphism classes of f.g. projective modules of constant rank n. 

As applications, we present a version of Hilbert’s Theorem 90 for Galois actions on 
commutative rings and quickly derive the (known) structure of the Picard groups of 
linear and multiplicative invariants ([^, [^). Some open problems are also discussed. 

Notations and Conventions. Throughout this note, 

S will be a ring, assumed commutative from onwards, 

G will be a finite group acting by automorphisms on S'; 

the action will be written s i—>■ s®, and 
R = will denote the ring of G-invariants in S. 

We make the standing hypothesis that the trace map tr : S —> i?, s 
surjective or, equivalently: 

(*) There exists an element a; G S' with tr(a;) = 1. 


1. Nonabelian 


1.1. Definition. We recall the definition of nonabelian following 
BS| , [^e2|| p. 123ff), except that our group actions are on the right. 


H.5 


or 


Let A be a G-group, with G-action written as x h->• x^. A (l-)cocycle is a map 
d : G ^ X satisfying 

d{gg') = digy'dig') {g,g' G G) . 


The set of 1-cocycles of G in A will be denoted by Z^(G, A). Two cocycles d, e G 
Z^{G,X) are called cohomologous if there exists an element x G A satisfying d{g) = 
x^e{g)x~^ for all g E G. This dehnes an equivalence relation on Z^{G,X). The set 
of equivalence classes is 

H\G,X) , 

a pointed set with distinguished element the class of the unit cocycle l( 5 f) = 1 for all 
g E G. 


Remark. H^{G,X) parametrizes the conjugacy classes of complements of A in the 
split extension A xi G, exactly as in the familiar special case where A is abelian 


(cf. [0, 11.1.2, 11.1.3). 


1.2. Examples. (1) Suppose G acts trivially on A. Then Z^{G,X) = Hom(G, A) 
and 

H\G,X) = Hom(G,A)/A , 

with A acting by conjugation on Hom(G, A). The distinguished class consists of 1 
alone. 


(2) If G = (g) is cyclic of order m, then each cocycle d E Z^{G, A) is determined by 
the element x = d{g) E X, and the eligible elements of A are precisely those satisfying 












Ko OF INVARIANT RINGS 


3 


the condition ^x^"" ^. x^x = 1. Moreover, if d, e G Z^{G, X) correspond in this 
manner to x,y G X, respectively, then d and e are cohomologous precisely if there 
exists z E X with x = z^yz~^. Thus, writing ~ for the equivalence relation on X 
determined by this condition, we have 

H\G, X) = {x G X : ... x^x = 1}/ ~ . 

(3) If the order of X is hnite and coprime to |G| then H^{G,X) is trivial, by the 
uniqueness part of the Schur-Zassenhaus Theorem (cf. 9.1.2). 

(4) If X is a linear algebraic group over an algebraically closed held whose char¬ 
acteristic does not divide |G| and G acts algebraically on X then H^{G,X) is hnite. 
This is essentially due to A. Weil who explicitly dealt with the case of a trivial 
G-action on X (||We||, cf. also |Q). The general case is an easy consequence. 


1.3. Functoriality and direct limits. Suppose that we are given a homomorphism 
of groups a ■. G ^ G' and a G'-group X'. Then X' can be viewed as a G-group via a. 
Any map of G-groups (i.e., any group homomorphism compatible with the G-actions) 
/ : X' —>• X gives rise to a map Z^{G', X') —>• Z^{G, X), d ^ f o do a, and this map 
passes down to a map of pointed sets 

iaJ)l:H\G',X')^H\G,X) . 

In particular, we have the restriction maps H^{G,X) H^{H,X) for subgroups H 

of G and the inflation maps H^{G/N,X^) H^{G,X) for normal subgroups N. 

Here, X^ denotes the X-invariants in X. We will write for (Idc,/));. 

The following easy lemma is surely well-known, but I am not aware of a reference. 
(For commutative cohomology, see 


Bi| , Prop. (4.6) on p. 195.) 


Lemma. Let {X^, fmn) o direct system of G-groups and let X = lmX„ be the 
direct limit with its induced G-action (cf. Pou3|| , p. A 1.117). If all fmn ■ Xn —>■ 
Xm {fn > n) are injective then H^{G,X) = limi7^(G,X„) (as pointed sets). 


Proof Put = {fmn)l ■ i7^(G,X„) ^ H^{G,X^) and = {fn)l, where /„ : 
Xn —>■ X is the canonical map. Then the relations fm°fmn = fn entail p>m°Pmn = Pni 
and so there is a unique map tp : lmi7^(G, X„) —i7^(G, X) with ipof^ = Pn, where 
fn • H^{G,Xn) —> hmi7^(G, X„) is the canonical map. We show that ip is bijective; 
the fact that ip respects distinguished elements is clear. 

For surjectivity, let d G Z^(G, X) be given. Since G is finite, there is an n with 
d{G) C fn{Xn), and so the class of d in H^{G,X) belongs to Im(p„ C Irmp. 

As to injectivity, we must show that if a, 6 G H^{G, Xn) satisfy (p„(a) = ipn{b) then 
there exists m > n with ipmn{o) = iPmnip) (cf. |Pou2|| , Prop. 6 on p. E III.62). Say 
a and b are the classes of d, e G Z^{G, X„), respectively. Then fn° d and /„ o e are 
cohomologous in Z^(G,X), i.e., there exists x G X with {fn°d){g) = x^{fnOe){g)x~^ 
for all g E G. Now x G fm{Xm) for some m > n, say x = fmiy)- Then 


ifm O fmn O d){g) = fm{y^){fm ° fmn ° e){g)fmiy 
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( Pou2| 


Since all fmn are injective, so are the maps /, 

Hence, {fmn o d){g) = y^{fmn <=> e){g)y~^ holds for all g 
and fmn o e are cohomologous in Z^{G, Xm), as reqnired. 


, Remarque 1 on p. E III.63). 
G G which shows that fmn ° d 

□ 


1.4. The monoid structure of H^{G,GL{S)). Lemma |1.3 implies in particular 
that in H^{G, GL(S')) = \imH^{G, GL„(S')), where G acts on GL(S') and on GL„(S') 
via its action on S. Our goal here is to endow H^{G, GL(S')) with the structure of a 
commutative monoid. 

More generally, let X be any G-stable subgroup of GL(S') containing the matrices 


^m.n — V J 
’ def ^ 


/ Onxm 

1 m y m. 




/ 


Note that detSm^n = 1. (In fact, it is not hard to show that the subgroup of GL(S') 
that is generated by the matrices Sm,n consists of all monomial matrices with en¬ 
tries ±1 and with determinant 1.) Hence Sm,n ^ E(S'), the group generated by the 
elementary matrices ( ||Ba|| , Prop. 1.6 on p. 226). Furthermore, 


far. 


-1 


Thus, if a; = 




f ^mxm y 



^nxn 

1 

^m,n — 

1 





•• / 

G Xn = X n GLn{S) then, for any m. 


• / 


/R 


xlm] = 

def 


Xr, 


\ 


■ / 


^ ^m+n 


For a,b E H^{G,X), dehne a -|- 6 G H^{G,X) as follows. Ghoose cocycles d, e G 
Z^{G, X) representing a and b, respectively. Since G is finite, we have d G Z^{G, Xm) 
and e G Z^{G, X^) for suitable m and n. For g E G, put 


{d ®m e) (g) = d(g) ■ e(g) [m] 


/d{g)r 


e{g)r 


\ 

E X . 


\ 




It is trivial to verify that d ©m e is a cocycle, and we define a + 6 to be its class in 
H^{G, X). To show that this is well-defined, we first note that the class of d ®m e is 















Ko OF INVARIANT RINGS 


5 


independent of m, as long as d{G) C X^- Indeed, if f > 0 then 

{d ®rn+t e){g) = {st,n[m\)~^ {d e){g)st,n[m] , 

and G X. Thus, d®m+t^ and d®rn^ are cohomologous. Now suppose 

that a and h are also represented by the cocycles d' G Z^{G,X) and e' G Z^{G,X), 
respectively. So there are matrices x,y & X with 

d'{g) = x>^d{g)x-^ and e\g) = y^e{g)y-^ . 

Fix r so that x,y,d{G),e{G) are all contained in Xr, and hence so are d'{G) and 
e'{G). By the foregoing, it suffices to show that d ©r e and d' ©^ e' are cohomologous. 
But, putting z = X ■ y[r] G X, we have (d' ©^ e'){g) = z^{d ©,, e){g)z~^. Thus, 
a + 6 G H^{G,X) is indeed well-defined. Commutativity and associativity of + 
follow along similar lines, thereby making H^{G,X) a commutative monoid with 
neutral element the class of the unit cocycle. — For a different description of the 
monoid structure of H^{G,X) for X = GL(S'), see Lemma E3 


1.5. Monoid maps. Let S' be another ring that is acted on by a group G' and 
suppose that we are given a group homomorphism a : G ^ G' and a G-equivariant 
ring map 0 : S" —*• S', where G acts on S' via a. Then we obtain a map of G-groups 
GL(0) : GL(S") —> GL(S'). Thus, if X' C GL(S") is a G'-stable subgroup containing 
the matrices Sm,n ^ GL(S') of and if X C GL(S) is G-stable containing the 
image of X' then we have a map of G-groups f : X' ^ X. The map induced on 
cocycles Z^{G',X') —> Z^{G,X) (cf. § p..3|) is easily seen to respect the operations 
©m of §[L^, and hence the map {a, f)l : H^{G',X') H^{G,X) of j |T7^ is actually 

a monoid map. This applies in particular to restriction and induction maps (with 
0 = Ids'). Moreover, we have the following 


Lemma. Let X C GL(S') be a G-stable subgroup with X D E(S') and let f : X ^ 
_ x/[X^X] denote the eanonieal map. Then : H^{G,X) H^{G, X^^) is a 

monoid map, where H^{G,X'^^) has its usual group structure. 


Proof. Consider d, e G Z^(G, X), say d, e G Z^(G, X^). 
on p. 226, 


Then, by |]Ba|] , Prop. (1.7) 


(d ©^ e){g) = d{g) ■ e{g) 



mxm 


e(d) 


mxm 


1 


mod E(S') . 


Inasmuch as X'^’’ = X/ E(S') (cf. |[Ba|| , Thm. (2.1) on p. 228), our assertion follows. □ 

1.6. Units. The kernel of Ind|^ : Kq[R) Ko{S) will turn out to be isomorphic to 
the group of units U(id^(G, GL(S'))) of the monoid id^(G, GL(S')) (see §|2.8|). Here, 
we make some preliminary observations on the unit group 

U(H'(G,X)) , 
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where X is any G-invariant snbgronp of GL(S') containing the matrices Sm,n, as in 

§ 0 - 

Lemma. Let N = KerG'(X) denote the kernel of the action of G on X. Then 
X)) = \J{H^{G/N, X)) via inflation. In particular, if G acts trivially on 
X, then \J{H^{G, X)) contains only the unit class. 

Proof. Use the inflation-restriction seqnence H^{G/N, X) H^(G,X) —> H^{N,X) 
( [P^] , §1.5.8). This seqnence is exact, the first map (inflation) is injective, and both 
maps are monoid maps. Thns it indnces an exact seqnence of gronps 

1 ^ U{H\G/N,X)) —^ U{H\G,X)) —^ U{H\N,X)) . 

Part (ii) therefore rednces to the claim that U{H^{N, X)) is trivial. To verify this, 
recall that H^{N, X) = Hom(iV, X)/X, with X acting by conjngation on Hom(A^, X), 
and the nnit class consists of the nnit map 1 alone (cf. §|L^). Thns, letting (.) denote 
X-conjngacy classes, the eqnation {d) + (e) = (1) for d, e G Hom(A^, X) is eqnivalent 
with (d ®rn e)(fi') = 1 for all g E N, where m is chosen as above. Bnt the latter 
condition says that d = e = 1. □ 

2. The Kernel of Induction 

2.1. The skew group ring. We will let 

T = S*G 

denote the skew group ring that is associated with the given G-action on S. Thns 
T is an associative ring containing S' as a snbring and G is a snbgronp of U(T), the 
gronp of nnits of T. The elements of G form a free basis of T as right S'-modnle. 
Mnltiplication in T is based on the rnle ga ■ hb = ghaflh for a,b E S,g,h E G. The 
ring S is an d?-T-bimodnle with action 

r ■ a ■ gb = ra^b {r E R, a,b E S, g E G) . 

Hypothesis (*) entails that txt = t, where we have pnt t = 9 So e = tx is 

an idempotent element of T with eT = tT = tS = St- In particnlar, St is projective 
and the ideal I = TeT of T satishes R = I and St ■ I = St- 

2.2. Some module categories. Let proj R denote the category of hnitely generated 
projective (right) i?-modnles, and similarly for T, and let add St denote the fnll 
snbcategory of proj T whose objects are the direct snmmands of the modnles Slf for 
n > 0. The following lemma is well-known bnt we inclnde the proof for the reader’s 
convenience. 

Lemma. (i) The functors E : proj R add St, Q ^ Q St and F : add St 
proj R, P P^ yield an equivalence of categories proj R ^ add St- 
(ii) A module P in projT belongs to add St precisely if PI = P- 
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Proof, (i) For Q in proj i?, let (pq : Q ^ {F o E){Q) = {Q St)^ denote the R- 
linear map given by p>Q{q) = g 0 1. Then Lfji : R ^ {R <S)r St)^ = (St)'^ = R is 
an isomorphism, and hence so is (pRn for every n and (pq for every Q. Thus 9? is a 
natural equivalence of functors Idproji? = FoE. Similarly, dehning ipp : {EoF){P) = 
P^ ®R St ^ P for P in add St by fjpip ® s) = ps, we obtain a natural equivalence 
of functors E o F = Hadd St ■ 

(ii) All modules P in add Sp satisfy PI = P, because S ■ I = S. Conversely, if P 
in proj T satishes P = PI = PeT then, for some n, (eT)" = Sp maps onto P, and so 
P is a direct summand oi Sp. □ 


2.3. Another description of add Sp. From now on, S is assumed commutative. 
We let Max S' denote the set of maximal ideals of S. For each OJl G Max S', we put 
G^(Tl) = {g e G : = 071}, the decomposition group of 07T, and 

r(07t) = (P/07t)*G^(07t) , 


the skew group ring that is associated with the action of G^(07t) on S'/OTt. As in 


S/07t is a right module over T(07T); this module structure can be viewed as coming 
from Sp by restriction to S*G^(07T) and reduction mod 07T. The following description 
of add(S'T) is adapted from 


Proposition 3. 


Lemma. A module P in proj T belongs to add Sp if and only if, for all 071 G Max S, 
there is an isomorphism of T{Tl)-modules P/POTl = (S'/OTt)'” (r = rankPgrn). 


Proof. The condition is surely necessary. For, if P is a direct summand of Stf, then 
P/P07t is a direct summand of the homogeneous T(07t)-module (S'/OTt)". 

For the converse, consider some OTt G Max S' and put 07t° = fj^g^OTt^, a G-stable 
ideal of S'. Then 


P/07t° ^ 0 P/07t^ ^ (P/07t) ®r(an) T 

geGZ{<m)\G 

as T-modules. Similarly, P/PTl^ ^ P (gi^ S'/OTt'’ = (P/POTt) ®T(an) T as T-modules, 
with G acting “diagonally” on P^^S'/OTt'’: {p<S)s)g = pg®s^. By hypothesis, P/PWl 
is isomorphic to (S'/OTt)” as T(0Tt)-modules, and so 

p/POTtO ^ 


as T-modules. Since S = S ■ I (cf. § |2.1|) , this isomorphism implies P = 
and since OTt was arbitrary, we further conclude that P = PI (cf. ||Bou|| , 
p. 113). In view of Lemma p.2| (ii), this shows that P belongs to add Sp. 


PI + pm^, 
Prop. 11 on 
□ 


2.4. The induction triangle. For each n > 0, we let Pn(P) denote the set of iso¬ 
morphism classes of f.g. projective P-modules of constant rank n, and similarly for 
Pn(S'). These are pointed sets with distinguished elements (P") and (P"), respec¬ 
tively, where (.) denotes isomorphism classes. Furthermore, P 5 ^„(T) will denote the 
set of isomorphism classes of f.g. projective right T-modules having constant rank n 
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as S'-modules, with distinguished element {S^). We have a commutative diagram of 
pointed sets (cf. Pa|| , Prop. (7.3) on p. 130) 


Pn{R) 


Pn(/) 



Pn(5) 



Ps,„(r) 


By Lemma |2?^ (i), is injective. The kernels of the other two maps will be described 
in §§ |2.5| and |2.6| below. Recall that the kernel of a map of pointed sets is dehned to 
be the preimage of the distinguished element of the target set. 

2.5. The kernel of Res^^. We now consider the restriction map Res^^ : P 5 ^„(T) —>■ 
P„(S'), as in §^. 

Lemma. Ker(Res 5 „) = H^{G, GLji(S')) as pointed sets. 

Proof. Each cocycle d G Z^{G, GL„(S')) gives rise to a T-module structure on 

5”' via 

X ■ gs = x^d{g)s {x G S'", g E G,s & S) . 

This action extends the regular S'-module structure on S'". Gonversely, if ■ is any right 
T-module operation on S" extending the regular S-module structure then write, for 
g E G, 

n 

' g — ^ ^ ) 

i=i 

where e* G S'" is the basis element with 1 in the Gth position and Os elsewhere and 
dij{g) G S'. A routine verihcation shows that d = (dij) is a cocycle of G in GL„(S) 
and the given T-module structure on S'" is identical with (S'")^. 

Since (S")^ for the unit cocycle d = 1 is just Stf, we obtain a surjective map of 

'nrnTrl'Pn 

Z'(G,GL„(S)) ^ Ker(ResJJ, d « ((S“),) . 

Finally, for d,e E GL„(S')), we have (S'")^ = (S'")^ as T-modules precisely if 

there is an S-module isomorphism (S")^ (>S'")e that commutes with the G-actions, 

that is, for some matrix a G GL„(S'), (x ■ g)a = [xa) ■ g holds for all x E S'^,g E G. 
The latter condition is equivalent with x^d{g) = x^a^e{g)a~^ which in turn just says 
that d and e are cohomologous. This completes the proof of the lemma. □ 


Remark. With T(njl) as in jj p.3|, we have a map of pointed sets P 5 ^„(T) —> Ps/m,n{T(JM)), 
P ^ P/PiM, which restricts to a map Ker(Res 5 „^) —> Ker j. In terms of 

the identihcation provided by the above Lemma, the latter becomes the map 

: H\G,GK{S)) ^ H\G^{m),GK{S/m)) 
that is given by restriction from G to G^(Wl) and reduction modulo 
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2.6. The kernel of P„(/). For each subgroup H < G, we put 

J{H) = Pi 971 and Sh = S/J{H) , 

OTeMaxS 

where G^(97t) = G G : — s G 971 for all s G 5} is the inertia group of 971. In 

addition to the maps introduced in Remark |2T5|, we will consider the analogous 
restriction-reduction maps 


POT,n : H\G, GL„(5)) ^ i7i(G^(97l),GL„(F/97l)) 

and 

PH,n : H\G, GL„(5)) ^ H\H, GL„(5^,)) . 

Since the actions of G^(97t) on GL„(5/97t) and of H on GL„(5i^) are trivial, we have 
//HG^(97l),GL„(^/97t)) = Hom(G^(97l), GL„(R/97t))/GL„(^/97t) and similarly for 
H\H, GLnlSn)) (cf. §|1.2|). We let C denote the set of cyclic subgroups of G. 

Proposition. As pointed sets, 

KerP„(/)= Pi Kerp'gjj^= p| Kerp^^^ 

SWeMaxS OneMaxS 

= Pi Kerpc,n = Pi KerpH,n • 

CeC H<G 

Proof. In view of the induction triangle in § p.4|, KerP„(/) = Im<I)„ fl Ker(Res 5 ^). 
Furthermore, by virtue of Lemmas p.2| and pT3| , if (P) G P 5 _„(T) then (P) G Im$„ iff 
(P/P97I) is the distinguished element of P5/grrt,n(P(9II)) for all 97t G Max S'. Therefore, 
by Remark |2.5| , 

Im n Ker(Res^^„) ^ p| Ker p'^^^ , 

which establishes the = in the proposition. Now p^^n = °P'm,ni where 

ResJJ^j^J : pi(G^(97t),GL„(R/97l)) ^ P'(G'^(97l), GL„(R/97t)) 

is the restriction map. Since this map has trivial kernel, by the generalized “Theorem 
90” ([Q, Lemme 1 on p. 129 and §5.8(a)), we conclude that Kerp'gjj^ = Kerp^^^ 
which proves the hrst equality. 
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Consider a G GL„(S')), say a is the class of d G Z^{G,GLn{S)). Then, in 

view of jjl.2|(l), 

a G KerpOT,n ViDf G Max S' \/g G G^(07l) : d{g) = Inxn rnod 2Jl 

OTeMax S 

'ig & G V9Jt with 971 3 J{{g)) '■ d{g) = Inxn mod 971 
^r^WgeG: d{g) = lnxn mod J{{g)) 

® ^ n ^^^Pc,n , 

cec 

proving the second eqnality. Finally, the proof of PH,n is 

completely analogous, based on the observation that H C G^(97l) if and only if 
971 3 J{H)- This completes the proof of the proposition. □ 


2.7. Stabilization. For m > n, we now consider the stabilization maps Pn{R) 


P^(i?), (P) ^ (P © P- 
Ps,m(T), (Q) ^ (g©S™- 
with the maps Res^^ and P„ 
a commutative diagram 


), the analogous map for S', and the map P 5 ^„(T) — 
). These are maps of pointed sets which are compatible 
(/) in the induction triangle (§ |2.4|) . Thus we obtain 


lirn Pn(P) 


limP„(/) 





limP 


S.n 



limP„(S') 


with (f injective, by ||Bou2|| , Prop. 7 on p. E III.64. Explicitly (cf. |[Bou2|| , p. E III.61), 


hmP„(P) = y P.(P) 


n>0 

where [+J denotes the disjoint union and x ^ y for x = (P) G P„(P), y = (Q) G 
Pm(P) iff P © P*“" = g © P*”™ for some t > max(m, n). In other words, (P) ~ {Q) 
iff P and Q are stably isomorphic. Now, l+J„>o Pn(P) is a commutative monoid under 
© and the equivalence relation ~ respects this structure. Thus, hmP„(P) becomes a 
commutative monoid with identity element the stable isomorphism class of {0}, that 
is, the f.g. free modules. Actually, hmPn(P) is a group: If (P) G Pn(P) is given 
then P © g = P^ for suitable Q and r, and hence (P) © (Q) = (P’’) ~ (0). In fact, 
letting Kq{R) denote the kernel of 


rank : Kq{R) Ho{R) = {continuous maps Spec P —Z} , 
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as usual (cf. |Pa|| , p. 459), the map sending (P) G Pn(-R) to [P] — [P"] G Kq{R) 
passes down to a homomorphism of groups 


hmP„(P) ^Po(P) 


which is easily seen to be an isomorphism (cf. |[W|] , Chap. II, Lemma 2.3.1). 

The foregoing is valid for any commutative ring P, and so also applies to hm P„(S'). 

Under the identihcation lmP„ = Kq, the top map hmP„(/) of the above triangle 
becomes 


KaU) = Iiidg 


: MR) ^ MS) . 


Ko(R) 


Things are similar for hmP 5 ^„(T): Isomorphism classes (X) G P 5 ^„(T) and (U) G 
Ps,m{T) become identihed precisely if X ©5'^“"' = Y ©5'^“™ for some t > max(m, n). 
However, since the submonoid of (liJ„>o Ps',n(U), ©) that is generated by {St) need 
no longer be cohnal, limP 5 ^„(T) is merely a commutative monoid. The maps (p and 
r of the above triangle are monoid maps and p is mono, as was pointed out earlier. 

Thus, summarizing, we have the following stabilized induction triangle of commu¬ 
tative monoids and groups 



MS) 


Lemma. Kerr = H^{G,GL{S)) as commutative monoids. 

Proof. Since direct limits commute with kernels ( Pou2|] , Cor. (ii) on p. E III.65), 

Kerr = Im (KerRes^^) . 


Next, we infer from Lemma |275| (and its proof) that the stabilization map Ker Res^^ —^ 
KerResg^^ (m > n) translates into the map H^{G, GL„(S')) —^ H^{G, GLm(5')) that 
is induced by GL„(S') —GLm(5'), a h->• (q?). Thus, Lemma |L^ implies that 
Kerr = H^{G, GL(S')), at least as pointed sets. The fact that this = does respect the 
additive structures is a consequence of the obvious isomorphism (using the notations 
of §§0,^ 


for d G Z^{G, GL^(R)) and e G Z\G, GL„(5)). 


□ 
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2.8. Proof of the main result. For each subgroup H < G, let 

Ph : H\G, GL{S)) H\H, GL{Sh)) = Hom(Fr, GL(^h))/ GL{Sh) 

be given by restriction from G to H and reduction modulo J{H); so pu = limpi^_„ 
(cf. Similarly, for Tl G Max S', put 

Pot = limpaTt,n : H\G, GL(^)) ^ H\G^m, GL(^/aJl)) . 

By [I.5|, these maps are monoid maps, and hence their kernels are submonoids of 
H^{G, GL(S')). It is now a simple matter to prove the Theorem stated in the Intro¬ 
duction. Recall that C denotes the set of cyclic subgroups of G. 

Theorem. KeriFo(/) — G{H^{G,GL{S))), an isomorphism of groups, and 
V{H\G, GL(^))) = n Ker Pc = n Kerp^^ = Pi Ker Pot • 

CgC H<G m&MaxS 

If S is Noetherian of Krull dimension d and n> d then KeriFo(/) = KerP„(/). 


Proof. Recall that Kq{.) decomposes naturally as R’o(.) = Ho{.) ® Kq{.), with 
Kq{ .) = lmP„(.). If the ring in question is Noetherian of Krull dimension d, then 
limP„(.) = Pm( •) holds for any m> d ( ||Ba2|| ). 

Applying this to the inclusion f : S, we obtain that Ko{f) = Ho{f) © iFo(/)- 

Here, Ho{f) is injective (cf. |[Ba|| , Lemma (3.1) on p. 459), and hence 

KeriLo(/) = KerFo(/) = hmKerP„(/) 


(again using the fact that direct limits commute with kernels). Moreover, if S is 
Noetherian of Krull dimension d (and hence so is R, by virtue of hypothesis (*) ), 
then Ker iFo(/) = KerP„(/) for n > d which establishes the last assertion of the 
theorem. 

Writing the formula for KerP„(/) in Proposition as 


KerP„(/) = Kerp„ , 

where p„ = {pc,n} : H^{G, GL„(S')) — Hcec GL„(S'c)), the stabilization map 

KerP„(/) —>• KerPm(/) ijn > n) becomes the map on that is induced by the 
maps GL„ ^ GL^, a h-^ (g i), for S' and Sc- Thus, using Lemma and the fact 
that direct limits commute with kernels and with hnite direct products (cf. ||Bou2 1, 
loc. cit. and Prop. 10/Gor. on p. E III.67/8), we deduce that 


KeriLo(/) = Kerp, 

where p = {pc} : H^{G,GL{S)) iL^(G, GL(S'c)). The = is additive, by 

Lemma Since Ker K^i^f) is a group, its image in H^{G, GL(S')) must be contained 
in the unit group IJ{H^{G, GL(S'))). On the other hand, we infer from Lemma |L^ that 
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GL(S'))) is contained in Ker pj:/, which in tnrn is clearly contained in 

Kerp = Ker Pc- Hence equality must hold throughout, that is, 

f| Kerpc = f| KerpH = \J{H\G,GL{S))) . 

cec H<G 

Finally, the equality pn = flsrnGMaxsd®! proved exactly as in the proof 

of Proposition thereby completing the proof of the theorem. □ 

3. Applications and Problems 


3.1. Galois actions. The G-action on S is Galois, in the sense of Auslander and 
Goldman | AG|| , if and only if G^(OK) is trivial for all 3K G Max S' (cf. ||GHR|| , Theorem 
1.3 on p. 4). In this case, hypothesis (*) is satisfied ( ||GHR|| , Lemma 1.6 om p. 7). 
Thus, by Proposition and Theorem |2.8| , 

KerP„(/) ^ H\G,GK{S)) and KerAo(/) ^ i7^(G,GL(^)) . 

In particular, H^{G, GL(S')) is a group with the operation of |1.4|. In fact: 


Proposition. If the action of G on S is Galois then Ker Ao(/) = H^{G,GL{S)) is 
annihilated by a power of |G|. For S Noetherian of Krull dimension d, |G|'^ will do. 


Proof. By ||GHK|| , Lemma 4.1 on p. 13, S is f.g. projective of constant rank equal to 
|G| as i?-module. Therefore, 


[Sn] - |G|[A] = [^«] - |G|U„(^) e Ko{R) 

and, moreover, the restriction map Res^ : Ko{S) —> Kq{R) is defined. The composite 
Res^oAo(/) : Ko{R) —^ Ko{R) is clearly multiplication with [Sr]. Hence, 


Ker Ao(/) C ann;^o(R)([Sij]) . 


Recall that Kq{R) is a nil ideal of Kq{R), and if S (or, equivalently, R) is Noetherian 
of Krull dimension d, then Kq{RY~^^ = {0} ( |[Ba)| , pp. 477 and 473). Furthermore, 
Ker Ao(/) C Kq{R) (cf. the proof of Theorem . Hence, Ker Ao(/) • ([S'/j] — |G|)* = 
{0} for some t, with t = d a. possible choice for S Noetherian of Krull dimension d. 
Consequently, Ker Ao(/) ■ \Gf = {0}. □ 


The proposition can be viewed as an extension of Hilbert’s “Theorem 90” (cf. |]S^ , 
Lemme 1 on p. 129) to commutative rings. 


3.2. I don’t know if Proposition p.l| generalizes to arbitrary G-actions: 


Question. Is Ker Ao(/) = U(i7^(G, GL(S'))) always annihilated by |G|'’* if S is Noe¬ 
therian of Krull dimension dl 


This is indeed so for d = 0, in which case Kq{R) = Hq{R) and Koi^f) = Ho{f) is 
mono, and for d = 1, where Kq{R) = Hq{R) ©Pic(i?) and Ker Ao(/) = KerPic(/) is 
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isomorphic to a subgroup of H^{G,\J{S)) (cf. §p.3| below). By a routine direct limit 
argument, a positive answer to the above question would imply that the kernel of the 
induction map -ft"o(/) : Kq{R) —>• Ko{S) is always |G[-primary (i.e., every element 
is annihilated by a power of |G|), for any commutative ring S. Finally, I note that 
the dual statement for Gq is known to hold ( ||BrLl|| or ||BrL2|| ): The cokernel of the 
restriction map Gq{S) —>■ Go{R) is annihilated by The proof given in ||BrLl| 

results from an analysis of the so-called coniveau filtration of Gq. The key to the 


above problem might very well be the Grothendieck 'y-filtration ( ||SGA 6 ||, ||FL||) 


Ko{R) = F^Ko D MR) = FMo D ... D F^+^Ko = 0 . 


The first two slices are F^/F}^ = Hq{R) and F}^/Ffj = Pic(-R). Not much appears to 
be known about the higher slices. 


3.3. Picard groups. For any commutative ring TZ, the set Pi(7^) of isomorphism 
classes of f.g. projective 7^-modules of constant rank 1 forms a group under 07 ^, with 
identity element the distinguished element fiR). This group is the Picard group of IZ, 
usually denoted Pic(7^) (cf. | |Ba|| , p. 131ff). 

Specializing Proposition to the case n = 1 and letting U(.) = GLi(.) denote 
groups of units, we obtain the following result (cf. piVfV|, y): 


Proposition. There is an isomorphism of groups 


KerPic(/) ^ Pi Ker {H\G,\J{S)) Hom(C', U(5c))) 
cec 

= Pi Ker {H\G,\J{S)) Hom(i7, U(^/ 7 ))) 

H<G 


and an exact seguence of commutative monoids 


1 —> Kern —> KeriFo(/) —>■ KerPic(/) ^ 1 , 
where a : H\G, SL{S)) Hcgc SL(^c))- 

Proof. The fact that the isomorphism of Proposition is an isomorphism of groups, 
not just of pointed sets, for n = 1 is a consequence of the identity of T-modules 
Sd *S'e — Sde for d,e E Z^{G,\J{S)). The exact sequence is a consequence of the 

exact sequence 1 —SL(.) —GL(.) U(.) —> 1 which is split by the canonical 
embedding U(.) = GLi(.) GL(.). Indeed, this sequence leads to a commutative 
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diagram of pointed sets (0, §§5.4, 5.5) 

1 


SL{S)) ^ Uc^c H\C, SL(5c)) 


GL(^)) ^ Uc^c H\C, GLiSc)) 


Ml 


n-^i.c 


IImi.c 


^ ricec H\GMSc)) 


with vTiOyUi = Id and = Id. Here, p and pi are the usual restriction-reduction 

maps, as in the proof of Theorem |2.8| . The diagram yields the exact sequence 

1 —Ker (j —>■ Ker p —>■ Ker pi —1 

which is in fact a sequence of commutative monoids, by § |1.5| . Finally, KeriFo(/) = 
Ker p and Ker Pic(/) = Ker pi. □ 


3.4. Linear actions. Here, S = S{y) is the symmetric algebra of a hnite dimen¬ 
sional fc-vector space V and G is a subgroup of GL(1/) = Autfc(K). The G-action on 

V extends uniquely to an action of G on S' by fc-algebra automorphisms. Hypothesis 
(*) amounts to the requirement that |G|“^ G fc, which will be assumed, and linear 
actions are never Galois. Both assertions follow from the existence of an augmenta¬ 
tion e : S ^ k which is G-invariant (i.e., e{s^) = e{s) holds for all s G S', G G); it 
is given by eiV) = {0}. 

3.4.1. The factors Sh- We now describe the factors Sh = S/J{H) of S' that were 
introduced in jj2.6| . Fix a subgroup H of G and let V{H) denote the subspace of 

V that is generated by the elements v — {v E V,h E H). Then H C G^(9Jl) iff 
V{H) C IH. Thus, J{H) is the intersection of all Tl E Max S' with V{H) C 911. Now 
V{H)S is a prime ideal of S; in fact, S/V{H)S = S{Vh), where Vh = V/V{H) is 
the vector space of Ff-coinvariants of V. Moreover, since kH is semisimple, we have 

V = V^ ® V{H). Therefore, J{H) = V{H)S and 

Sh = S{Vh) = S{V^) . 

The canonical map S Sh is iF-equivariantly split by Sh — S'(K^) S'. 
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3.4.2. Picard group (0). Here, Pic(S') = 1 and so KerPic(/) = Pic(i?). Also, 
U(S') = k* and all U(S'h) = fc*, and so the intersection in Proposition rednces 
to the intersection of the kernels of the restriction maps Hom(G, k*) Hom(iif, k*) 
which is obvionsly trivial. Thus, 

Pic(i?) = 1 . 


3.4.3. A problem of Kraft. Recall that Pic(i?) is an image of Kq{R) (cf. §3.2| ). It is an 
open question, raised by Kraft (H. Problem 5.1), whether in fact Kq{R) is trivial 
or, equivalently, Ker iPo(/) = {0}. A positive answer to Question would easily 
entail this in characteristics > 0, and for hxed-point-free actions in characteristic 0. 
In the latter case, Kraft’s problem has already been settled by a different method by 
Holland ||Ho|| , at least for algebraically closed base helds k. The following Proposition 
gives a cohomo logical reformulation of Holland’s result, and of a result of Gubeladze 
We put S+ = VS and, as usual, GL(S', 5'+) denotes the kernel of the reduction 
map GL(S') —>• GL(S'/S'+) = GL(/c), and similarly for GL„(S', S'+). 


Proposition. Assume that k is algebraically closed of characteristic 0. If G acts 
fixed-point-freely on V then H^{G,GL{S, S+)) is trivial. If, in addition, G is abelian 
(and hence actually cyclic) then H^ifG, GL„(S', 5'+)) is trivial for all n. 


Proof. By fixed-point-freeness, V{H) = V holds for all non-identity subgroups H of 
G, and hence J{II) = S+. Thus, in the notation of Theorem P78| , Kerp^ ^ Kerpji/ 
and so 1]{H^{G, GL(S'))) = Ker pc- Finally, by []0, Prop. 38 on p. 49, the split exact 
sequence of G-groups 1 —GL(S', S'+) —>• GL(S') —GL(S'/S'+) = GL(/c) —> 1 gives 
rise to an exact sequence of pointed sets 


1 ^ H\G, GL{S, R+)) —^ H\G, GL(^)) ^ H\G, GL(^/^+)) ^ 1 . 

Inasmuch as Kerpc — KerA’o(/) is trivial, by ||Ho|| , triviality of H^{G,GL{S, S+)) 
follows (and conversely). 

If G is abelian then R is an affine normal semigroup algebra (cf. 0 ). and hence 
all f.g. projectives over R are free, by Gubeladze’s Theorem ||Gu|| . In other words, all 
maps Pn(/) have trivial kernel which in turn says that H^{G, GL„(S', S^)) is trivial, 
exactly as above, using Proposition WM instead of Theorem □ 


3.5. Multiplicative actions. In this case, S = kA is the group algebra of a f.g. 
free abelian group A and G is a subgroup of GL(A) = Autz(A) acting on S by means 
of the unique extension of the natural GL(A)-action on A. Again, hypothesis (*) is 
equivalent to |G|“^ G k and multiplicative actions are never Galois, because of the 
G-invariant augmentation e : S ^ k given by ^(A) = {!}. 


3.5.1. The factors Sh- Fix a subgroup H of G, let [A,H] denote the subgroup of 
A that is generated by the elements a~^a^ {a E A, h E H), and let uj{[A,H])S 
denote the ideal of S that is generated by the elements a — 1 with a E [A,H]. So 
uj{[A,H])S is the kernel of the canonical map of group algebras S = kA -» kAu, 
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where Ah = A/[A,H] denotes the if-coinvariants of A. Clearly, H C G'^{dJl) iff 
uj{[A,H])S C OJl. We claim that uj{[A,H])S is a semiprime ideal of S. Since \H\ is 
nonzero in k, this will follow if we can show that the torsion gronp of Ah is annihilated 
by a power of \H\. To this end, write (. )^ = (•) ®z^[l/|hf|] and view A' as a modnle 
over the gronp ring UH. Pntting e = ^ an idempotent of Z'if, 

we have A<^ A' = {A'Y © (A')^~^ = {A')^ © [A\ H]. Thns A'/[A', H] is torsion-free, 
and hence so is A/[A fl [A', H]). Since every element of [W, H]/[A, H] is annihilated 
by a power of \H\, onr claim follows. We conclnde that J{H) = uj{[A,H])S and 

Sh = kAn . 

The canonical map S ^ Sh is not split, in general, as Sh need not be a domain. 


3.5.2. Picard group (Q). Again, Pic(S') = 1 and so Pic(i?) can be determined from 
Proposition Here, U(S') = k* x A and U(S'c) = k* x Ui with Ac C f/i, the 
gronp of normalized (angmentation 1) nnits of Sc = kAc (a strict inclnsion, in 
general). The maps U(S')) = Hom(G, A;*) x H^{G,A) —> Hom(C', U(S'c)) = 

Hom(C, k*) X Hom(C', Ui) decompose as the direct prodnct of the restriction maps 
Hom(G, A;*) —Horn(C, A;*) times the maps H^{G,A) H^{C,A) H^iC^Ac) = 

Hom(C', Ac) Hom(C', Cl). The first factor contribntes nothing to the kernel, as 
for linear actions. Since the map H^{G^A) H^{G^Ac) is mono for cyclic G (e.g., 
PP, p. 79), the contribntion from the second factor is the kernel of the restriction 
map H^{G^A) H^{G^A). Therefore, 

Pic(i?) = Pi Ker (Resg : H\G,A) H\G,A)) . 
cec 

This gronp need not be trivial; the resnlts of a systematic computer aided investiga¬ 
tion of all cases with rank A < 4 are reported in [yj. 


3.6. Moding out the radical. Returning to the general situation where S is an 
arbitrary commutative ring satisfying (*), we briefly consider the reduction maps 
p : GL(S') —>• GL(S'/rads') and Pn : GL„(S) ^ GL„(S/radS). Here, radS denotes 
the Jacobson radical of S. The following lemma is an application of Lemma pA. 


Lemma. The maps {pn)l ■ GL„(S)) —GL„(S/radS)) have trivial 

kernel, and so does pi : H^{G, GL(S)) — H^{G, GL(S/radS)). 


Proof. It suffices to consider the maps (pn)i; the case of pi then follows by taking 
lirn . 

Using the identification Ker(Res 5 „) = GL„(S)) of Lemma PT5| and writing 

S = S/radS and T = S*G (cf. ^.l]) , the map {pn)l becomes the map Ker(Res 5 ^) —> 
Ker(Res^^) that is given by (P) i—(P = P/P radS). Say (P) belongs to the kernel 

of this map, that is, P = S^ or, equivalently, P/P radS = S^/S^radS. Since 
radS C radT (cf. [Q, Theorem 7.2.5), the Nakayama Lemma implies that P = Slf 
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(cf. Prop. (2.12) on p. 90). Thus (P) is the distinguished element of Ker(Res 5 „), 


as required. 


□ 
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